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Extended quintessence and its late-time domination
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Department of Physics, Kyoto University, Kyoto 606-8502, Japan

~Received 18 April 2001; published 19 October 2001!

Various astronomical observations point towards evidence of dark energy. One of the most mysterious
problems is the coincidence problem: why dark energy has become dominant only recently. We present a
scenario based on extended quintessence models to explain the late-time domination of dark energy without a
severe fine-tuning of the initial conditions and model parameters.
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I. INTRODUCTION

The evidence for dark energy now seems compelling@1#.
Dark energy may be the cosmological constant or quin
sence~dynamical lambda!. In any case, it is very mysteriou
that dark energy appears to have become dominant only
cently, although it should be negligible for most of the h
tory of the universe for the success of the standard big-b
nucleosynthesis and structure formation: we live in a v
special time when the dark energy density is comparabl
matter density. The coincidence~or ‘‘why now’’ ! problem@2#
is the enigma in modern cosmology.

In order to ‘‘solve’’ the problem dynamically, the dar
energy density should scale in the same way as the radia
density during the radiation dominated epoch; otherwise
nothing but introducing a fine tuning to account for the c
incidence from the very beginning, and it is no surprise t
there is some epoch when the two energy components c
cide ~however, see@3#!. On the other hand, however, durin
matter-dominated epoch, dark energy should not track m
ter; otherwise dark energy cannot dominate.

Several such dynamical approaches to solving the coi
dence problem have been attempted that utilize noncano
kinetic terms @4,5# ~see also@6#! or the explicit coupling
between quintessence and dark matter@7,8#. In this paper, we
shall provide yet another mechanism based on exten
quintessence models@9,10#.

II. EXTENDED QUINTESSENTIAL APPROACH TO THE
COINCIDENCE PROBLEM

Basic idea. We consider the cosmological dynamics d
scribed by the action@9–11#

S5E d4xA2gF 1

2k2R2F~f!R2
1

2
~¹f!22V~f!G1Sm .

~1!

Herek2[8pGbare is the bare gravitational constant andSm
denotes the action of matter~radiation and nonrelativistic
particle!. In our conventions,j51/6 corresponds to the con
formal coupling.

The basic idea is to utilize the dynamics during inflatio
Several quintessence models require the fine tuning of
initial conditions to account for the late-time domination
dark energy. The nonminimal coupling between the field a
0556-2821/2001/64~10!/103503~4!/$20.00 64 1035
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the Ricci scalar provides a natural mechanism to tune
field itself to a value which is required to achieve the cosm
acceleration today.

Quintessence axion. As an example, we consider a mod
based on pseudo-Nambu-Goldstone bosons with the po
tial of the form @12#

V~f!5M4@cos~kf!11#, ~2!

whereM is a mass parameter. The smallness ofM may be
related to electroweak instanton effects or to a neutrino m
@12#. An attractive feature about this model is that the sma
ness ofM is technically natural and is protected from vario
corrections by symmetry: When the small mass is set to z
it cannot be generated in any order of perturbation theory.
the other hand, the weakness is that the dynamics is sig
cantly dependent on the initial condition: there does not e
a tracker solution@13# in this model, andf must be tuned
near the top of the potentialf;0 in order to account for the
late-time domination.

A nonminimal coupling can alleviate the situation. T
demonstrate our point, we take the following functional for
for F(f) for simplicity:

F~f!5
1

2
jf2, ~3!

wherej is a dimensionless parameter and we assumej.0
henceforth. The equations of motion in a FRW univer
model are

f̈13Hḟ1V81jf~Ḣ12H2!50, ~4!

3H25k2S rB1
1

2
ḟ21V13jHf~Hf12ḟ ! D

5..k2~rB1rf!, ~5!

where V85dV/df and rB denotes the backgroun
~radiation/matter! energy density.

During inflation which is caused by other fields, the fie
f acquires an effective~time-dependent! mass due to the
nonminimal couplingme f f

2 .jR and is dynamically tuned
©2001 The American Physical Society03-1
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toward f50 ~if j.0)1 which would subsequently corre
spond to the maximum of the potential induced by el
troweak instanton effects or by a neutrino mass@12#.2 The
evolution of f during inflation is well approximated a
f(N)5f(N50)exp(24jN) for j!1, where N is the
e-folding number after the initial time.

In Fig. 1 we show an example of the numerical results
the time evolution of the energy densities. The scale factoa
is normalized to unity today. In this example, we takekf

50.1 andḟ50 at z51012 andj50.1 and arrangeM to fix
the density parameter of matterVM5k2rM/3H250.4 today.
Interestingly,rf tracks the radiation energy densityrR dur-
ing the radiation-dominated epoch~RD! unlike minimal
quintessence axion~see below for the details!. In the future
f will oscillate around a local minimum of the effectiv
potential Ve f f(f)5V(f)1F(f)R similar to the minimal
quintessence axion. After the oscillations are damped,Vf
decreases suddenly and settles down to a small but non
ishing value, which is estimated.jp2 for j!1. We note
that the present Brans-Dicke parameter,vBD5(1
22k2F)/4k2F82, is .16000 which is much larger than th
current limit vBD.3500 @15#. Sincekf remains small,kf
!1, largevBD is attainable even with not so smallj. The
situation is different from tracker models where generica
kf.1 today and thusj is constrained to be very small,j
&1023 @9#. We also note that extended quintessence mo
with positivej can lead to a decrease in the primordial4He
abundance because of the decrease of the gravitational
stant in the past@16#.3 However, the effect is found to b
very small sincejkf2 is small.

1We thank Kazuya Koyama for pointing this out.
2The use of the nonminimal coupling for the restoration of sy

metry in the inflationary stage was discussed in@14#.
3We thank Kazunori Kohri for useful correspondence on t

point.

FIG. 1. The evolution of energy density for extended quint
sence axion. The solid line is the energy density of dark energy
dashed line is that of radiation, and the dotted line is that of ma
The lower panel shows the evolution of density parameters.
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Tracking without tracking. Here we point out a nove
tracking behavior during radiation-dominated epoch~RD! in
extended quintessence which is independent of the detai
the potential. Consider the situation where the energy den
of the scalar field defined usually for the minimal couplin
case is much smaller than the energy density of radiation

1

2
ḟ21V!rR , ~6!

and we assume that the curvature of the potentialAV9 is
smaller than the Hubble parameterH during RD, which is
usually the case for most of the quintessence models. T
the motion of the scalar field is almost frozen because
energy density is dominated by theH2 term in Eq.~5!, even
in the R-boost regime@11#, which holds if at least one non
relativistic species is present during the RD. ForjÞ0, the
energy density of the scalar field properly derived from t
scalar field action Sf5*A2g@2(¹f)2/22V(f)
2F(f)R# becomes@17#4

rf5
1

2
ḟ21V~f!16H~ Ḟ1HF !.6H2F. ~7!

SinceF(f) is constant, this implies that the ratio ofrf to rR
is constantduring RD althoughf itself is not evolving. We
shall call this behavior as ‘‘tracking without tracking.’’ A
the universe becomes matter dominated the source term
pears in the equation of motion of the scalar field, and
scalar field begins to move.

In fact, in the above example, such a behavior off is
found. In Fig. 2 we plot the time evolution off. f remains
almost constant until the radiation-matter equality. The init

-
4The corresponding expression for the pressure ispf5ḟ2/22V

22F̈24HḞ22F(2Ḣ13H2). The conservation of the energy mo
mentum tensor off, ṙf13H(rf1pf)50, reduces to the Klein-
Gordon equation,dSf /df50.

-
e
r.

FIG. 2. The evolution of the scalar field for extended quinte
sence axion.
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decrease off after the radiation-matter equality~aroundz
.104) is due to the curvature term induced by the nonmi
mal coupling. This is another dynamical tuning towardf
50 during the matter-dominated epoch in addition to
inflationary epoch.

We should emphasize that this behavior is independen
the details of the shape of a potential. The only constrain
that the energy density usually defined forj50 is much
smaller than the radiation energy density and that the cu
ture of the potential is smaller than the Hubble parame
during RD. Moreover, the chosen initial value off is not
critical and the described phenomenology remains valid
other smaller initial values off different from zero, although
M should be fixed accordingly.5 However, it is also to be
noted that this ‘‘tracking’’ is not a dynamical attractor~or
tracker @13#!. In the extended quintessence axion, for e
ample, the dynamics during RD is dependent on the ini
conditions like the minimal quintessence axion because
effect of the potential term in the equation of motion of t
scalar field is negligible during RD. Tracking without trac
ing is a rather kinematical tracker inherent in a wide class
extended quintessence.

Exponential quintessence. We also present another mod
with an exponential potential,V}exp(2lkf). Minimal quin-
tessence models involving exponential potentials have b
extensively studied@18#. It has been shown that there exis
the attractor solution which depends only onl, but the so-
lution tracks the matter/radiation energy density exactly
the same way and hence cannot account for the late-
domination of dark energy.

The situation can be different in extended quintessenc
slight modification ofF(f) enables us to construct a mod
based on an exponential potential which can account for
late-time domination of dark energy without the fine-tuni
of parameters. For example, consider

F~f!5
1

2
j~f2v !2, ~8!

V~f!5k24 exp~2lkf!. ~9!

The role of the shift parameterv is to reduce the energy sca
of V(f) by shifting f without introducing small parameter

5However, as long askf is close to zero,M takes almost the sam
value: For example,M decreases only 0.2% if one changes t
initial value of kf from 0.2 to 0.
10350
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in V(f).6 In Fig. 3 we show the evolution of the energ
density of each component. In this example, we takej
50.001,v5144k21,l52. We note that the present Bran
Dicke parameter isvBD.7030.

III. SUMMARY

In this paper we have presented a scenario based on
tended quintessence models to explain the late-time dom
tion of dark energy without severe fine tuning of initial co
ditions and model parameters. If the scalar field
nonminimally coupled to the curvature, inflationary dynam
ics can provide the natural initial conditions required for t
late-time domination of dark energy. Extended quintesse
can subsequently track the radiation energy during the ra
tion dominated epoch even if minimal quintessence does
This is due to a novel tracking behavior~tracking without
tracking! which is inherent in a wide class of extended qu
tessence models. Further dynamical tuning occurs du
matter-dominated epoch. Two models have been presen
one is based on the pseudo-Nambu-Goldstone bosons, w
is attractive because the small mass is technically natural
other is based on an exponential potential which only u
the parameters in the potential roughly ofO(1) in the Planck
units. It will not be difficult to give other examples.

To conclude, extending quintessence to include nonm
mal coupling to gravity greatly extends the range of viab
models for quintessence.
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6Introducingv may only paraphrase the smallness of the pres
energy scale ofV(f). But an interesting point may be thatv is at
most onlyO(100) in k51 unit ~bare Planck units! @19#.

FIG. 3. The evolution of energy density for extended quint
sence with an exponential potential.
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